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Abstract
We analyze in the context of geometrothermodynamics the behavior of ideal quantum gases which
satisfy either the Fermi statistics or the Bose statistics. Although the corresponding Hamiltonian
does not contain a potential, indicating the lack of classical thermodynamic interaction, we show
that the curvature of the equilibrium space is non-zero, and can be interpreted as a measure of
the effective quantum interaction between the gas particles. In the limiting case of a classical
Boltzmann gas, we show that the equilibrium space becomes flat, as expected from the physical
viewpoint. In addition, we derive a thermodynamic fundamental equation for the Bose-Einstein
condensation and, using the Ehrenfest scheme, we show that it can be considered as a first-order
phase transition which in the equilibrium space corresponds to a curvature singularity. This result
indicates that the curvature of the equilibrium space can be used to measure the thermodynamic
interaction in classical and quantum systems.
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I. INTRODUCTION
In 1915, Einstein formulated the final version of the gravitational field equations that were
based upon the astonishing principle “gravitational interaction = curvature”. In this case,
the curvature is the Riemannian curvature of the 4-dimensional spacetime. This principle
has been generalized to include all the four interactions known in nature (see, for instance,
Ref. [1]). Indeed, Yang and Mills [2] demonstrated in 1953 that the field strength (Faraday
tensor) of the electromagnetic field can be interpreted as the curvature of a principal fiber
bundle, with the Minkowski spacetime as the base manifold and the symmetry group U(1)
as the standard fiber. Today, it is well known [1] that the weak interaction and the strong
interaction can be described by the curvature of a principal fiber bundle with standard fiber
SU(2) and SU(3), respectively. In this sense, we can say that all the field theories have a
well-formulated geometric description.
On the other hand, Riemannian geometry has been also applied in statistical physics and
thermodynamics. To this end, one can consider the equilibrium states of the thermodynamic
system as points of an abstract space (equilibrium space). Then, one of the goals of applying
differential geometry in thermodynamics is to interpret the curvature of the equilibrium
space as a measure of the thermodynamic interaction. In 1945, Rao [3] introduced in the
equilibrium space a Riemannian metric whose components in local coordinates coincide with
the Fisher information matrix. Rao’s original work has been followed up and extended by
a large number of authors (see, e.g., [4] for a review). On the other hand, Riemannian
geometry in the space of equilibrium states was introduced by Weinhold [5] and Ruppeiner
[6, 7], who defined metric structures as the Hessian of the internal energy and the entropy,
respectively.
Geometrothermodynamics (GTD) [8] was proposed recently to take into account the
invariance of classical thermodynamics under a change of thermodynamic potential [9], a
property which is not shared by Hessian metrics. In contrast to other geometric approaches,
GTD resembles the approach of field theories in the sense that the symmetry of the theory
plays a fundamental role in its geometric description. Since different thermodynamic poten-
tials are related by means of Legendre transformations [10], the formalism of GTD makes
use of the Riemannian contact structure of the thermodynamic phase space [11] to handle
Legendre invariance correctly from a mathematical point of view. The equilibrium space can
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then be considered as a particular subspace of the phase space. As a result, the formalism
of GTD uses as starting point a Legendre invariant metric of the phase space which induces
a metric in the equilibrium space whose curvature should describe the thermodynamic in-
teraction. In the case of a classical ideal gas, for which the corresponding Hamiltonian does
not contain a potential term that could represent any interaction between the gas particles
[12], no thermodynamic interaction is present and one would expect that the corresponding
equilibrium space be flat. In fact, this physical condition has been used to fix the metric of
the phase space [8]. The flat equilibrium manifold of a classical ideal gas has been investi-
gated in detail recently [13]. In particular, it was found that there exists a deep relationship
between geodesics and quasi-static processes which gives rise to a relativistic like structure
of the equilibrium manifold.
In the case of ideal quantum gases, the Hamiltonian also does not contain a potential term
and the gas particles are assumed to have no interaction between them [12, 14]. This means
that from the point of view of the Hamiltonian approach a quantum gas is a system without
thermodynamic interaction. One would then expect that the corresponding equilibrium
manifold is also flat due to the lack of interaction. Nevertheless, we know that the physical
properties of ideal quantum gases are different from those of a classical ideal gas. The
question arises whether our geometric approach is able to take into account those physical
differences in a consistent manner. The main purpose of the present work is to show that
in the framework of GTD the ideal quantum gases are represented by non-flat equilibrium
manifolds, taking into account the quantum nature of the gas particles. Moreover, we analyze
the limiting case of Bose-Einstein condensation and show that it can be interpreted in the
Ehrenfest scheme and in GTD as a first-order phase transition.
This paper is organized as follows. In Sec. II, we review the main aspects of GTD which
are necessary in order to take into account the Legendre invariance of classical thermody-
namics. In Sec. III, we derive the fundamental equation of quantum ideal gases which is
necessary to carry out the geometrothermodynamic approach. In Sec. IV, we investigate
the thermodynamic and geometrothermodynamic properties of Bose-Einstein condensates.
Finally, in Sec. V, we discuss our results.
3
II. A REVIEW OF GEOMETROTHERMODYNAMICS
The starting point of the GTD formalism is the thermodynamic phase space T which
is constructed as follows. A thermodynamic system with n degrees of freedom is described
by a set of n extensive variables, Ea, n intensive variables, Ia (a = 1, ..., n), and a ther-
modynamic potential, Φ. Let us consider ZA = {Φ, Ea, Ia} as the coordinates of the
(2n + 1)−dimensional space T . A thermodynamic system is usually described by a funda-
mental equation Φ = Φ(Ea). In GTD, the specification of a particular system corresponds
to an embedding ϕ of an n-dimensional manifold E into the phase space T given by
ϕ : E −→ T , (1)
or, in coordinates,
ϕ : {Ea} −→ {Φ(Ea), Ea, Ib(Ea), } . (2)
The space T is endowed with a family of tangent hyperplanes (contact structure) defined
by the fundamental 1-form Θ that satisfies the non-integrability condition [11]
Θ ∧ (dΘ)n 6= 0 . (3)
The phase space is necessary in order to treat the Legendre transformations of classical
thermodynamics as a change of coordinates. Formally, a Legendre transformation is defined
as [10]
{ZA} → {Z˜A} = {Φ˜, E˜a, I˜a} (4)
Φ = Φ˜− δklE˜kI˜ l , Ei = −I˜ i , Ej = E˜j , I i = E˜i , Ij = I˜j , (5)
where i∪ j is any disjoint decomposition of the set of indices {1, . . . , n}, and k, l = 1, . . . , i.
According to the Darboux theorem [11], if we use the coordinates {ZA} the fundamental
1-form Θ can be written as
Θ = dΦ− IadEa , Ia = δabIb , (6)
where we assume Einstein’s summation convention for repeated indices. If we apply the
Legendre transformation to Θ, the new 1-form Θ˜ in coordinates {Z˜A} reads
Θ˜ = dΦ˜− I˜adE˜a . (7)
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This proves that the contact 1-form Θ is invariant with respect to Legendre transformations.
On other hand, the space E is determined through the embedding (1), which is equivalent
to specifying the fundamental equation of the system Φ(Ea). To complete the GTD scheme,
it is necessary to incorporate the relations of standard equilibrium thermodynamics into the
definition of the space E . This can be done by demanding that the embedding (1) satisfies
the condition
ϕ∗(Θ) = 0 , (8)
where ϕ∗ is the pullback of ϕ. In coordinates, it takes the form
ϕ∗(Θ) = ϕ∗ (dΦ− IadEa) =
(
∂Φ
∂Ea
− Ia
)
dEa = 0. (9)
Then, it follows that
Φ = Φ(Ea) and
∂Φ
∂Ea
= Ia . (10)
Equations (9) and (10) constitute the standard Gibbs relations of equilibrium thermody-
namics in E , namely,
dΦ = IadE
a , (11)
which is the first law of thermodynamics. The manifold E is called the equilibrium space.
In GTD, the phase space is equipped with a metric G which must be invariant with
respect to Legendre transformations. Consequently, the triad (T ,Θ, G) becomes a Rie-
mannian contact manifold that is also Legendre invariant. So far, the most general metric
invariant under total and partial Legendre transformations that has been found in GTD can
be expressed as [16]
G = Θ2 + Λ
(
ZA
)
(EaIa)
2k+1 dEadIa , Ia = δabI
b , (12)
where Λ(ZA) is an arbitrary Legendre invariant function of the coordinates ZA, and k is an
integer. Here we introduce the convention that the summation must be performed over all
repeated covariant and contravariant indices. The arbitrariness contained in the function
Λ(ZA) and in the integer k can be fixed by introducing the new coordinates (no summation
over repeated indices)
dXa =
√
ΛE2k+1a dE
a , dY a =
√
ΛI2k+1a dI
a (13)
so that the metric (12) becomes
G = Θ2 + δabdX
adY b . (14)
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All the further calculations could be performed in coordinates (Φ, Xa, Y a), absorbing so
the arbitrariness contained in (12). However, for the treatment of specific thermodynamic
systems it is convenient to use the coordinates (Φ, Ea, Ia). Then, for concreteness let us
consider the case Λ = 1 and k = 0 to obtain
G = Θ2 + (EaIa) dE
adIa . (15)
The corresponding induced thermodynamic metric in the space of equilibrium states is
given by
g = ϕ∗(G) = Ea
∂Φ
∂Ea
δab
∂2Φ
∂Eb∂Ec
dEadEc . (16)
In the case of a system with two degrees of freedom, n = 2, the above metric can be written
explicitly as
g = E1Φ,1Φ,11(dE
1)2 + (E1Φ,1 + E
2Φ,2)Φ,12dE
1dE2 + E2Φ,2Φ,22(dE
2)2 , (17)
where Φ,1 =
∂Φ
∂E1
, etc. Notice that to calculate the explicit components of this metric, it is
necessary to specify only the fundamental equation Φ = Φ(E1, E2). Thus, all the geometric
properties of the equilibrium space are determined by the fundamental equation. This is
similar to the situation in classical thermodynamics where the fundamental equation is used
to determine all the thermodynamic properties and equations of state of the system.
It is worth noticing that the coordinate sets Xa and Y a as introduced above in Eq.(14) are
specially adapted to investigate the physical significance of the equilibrium manifold metric.
Indeed, one can show that this coordinate change can be understood as a diffeomorphism
of the form (Φ, Ea, Ib) → (F,Xa, Y b) under which the fundamental form transforms as
Θ → Θ′ = f(Xa, Y b)(dF − δabY adXb), where f(Xa, Y b) is a well-behaved function. Then
the smooth map ϕ : E → T can be defined under the condition that ϕ∗(dF−δabY adXb) = 0,
implying that F = F (Xa) and Ya = ∂F/∂E
a. The induced metric g = ϕ∗(G) in these
coordinates has the Hessian form
g =
∂2F
∂Xa∂Xb
dXadXb . (18)
On the other hand, if we now consider a thermodynamic fluctuation Xa + dXa around
the equilibrium state Xa, then the fluctuation of the thermodynamic potential F can be
expressed as
F ′ = F (Xa + dXa) = F (Xa) +
∂F
∂Xa
dXa +
1
2
∂2F
∂Xa∂Xb
dXadXb + ... (19)
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This shows that the components of the equilibrium space metric correspond to the second
moment of the fluctuation. In this sense, the GTD metric has a precise physical significance
in fluctuation theory.
III. IDEAL QUANTUM GASES
Let us consider an ideal gas consisting of N non-interacting identical particles, with mass
m and momentum pi, inside a 3-dimensional box of volume V . According to the standard
approach of statistical physics, this system can be described by the Hamiltonian [12]
H =
N∑
i=1
p2i
2m
. (20)
If we take into account the physical nature of the particles, the ideal gas can be either a Fermi
gas, a Bose gas or a Boltzmann gas. In the first two cases, the quantum nature of the particles
(fermions or bosons) is the main characteristic of the system, whereas the Boltzmann gas is
composed of classical identical particles. From a statistical point of view, the fact that no
potential is present in the Hamiltonian (20) indicates the lack of thermodynamic interaction.
The purpose of this section is to find the thermodynamic properties of the ideal quantum
gases in such a representation that it can be used in the context of GTD. Although there
are several possibilities to derive the statistical model from which the thermodynamic limit
could be computed, in the case of spin-less quantum particles, it is convenient to use the
grand partition function [12]
Q(V, T, µ) =∏
p
[
1 + ǫeβ(µ−εp)
]ǫ
, β =
1
k
B
T
, εp =
p2
2m
, ǫ = ±1 (21)
where k
B
is the Boltzmann constant, T is the temperature, V the volume, and µ represents
the chemical potential. The constant ǫ indicates the type of gas, with ǫ = +1 for a Fermi
gas and ǫ = −1 for a Bose gas. The main thermodynamic quantities can be obtained in a
straightforward manner from the grand partition function as
U = − ∂
∂β
lnQ , N = 1
β
∂
∂µ
lnQ , (22)
where U is the internal energy and N is the particle number. In the case of quantum gases,
we obtain
U =
∑
p
εp
eβ(εp−µ) + ǫ
, N =
∑
p
1
eβ(εp−µ) + ǫ
. (23)
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Notice that in this statistical representation the difference between Bose and Fermi gases is
formally contained in the parameter ǫ only. We will see that this particularity holds also in
the thermodynamic limit.
A. The fundamental equation
There are several equivalent ways to find the fundamental equation of the ideal quantum
gases in the thermodynamic limit. In order to compare our results with the well-known
Sackur-Tetrode equation for the entropy of a classical ideal gas, we choose the entropy
S = S(U, V,N) as the thermodynamic potential that determines the fundamental equation.
To find the entropy it is convenient to use the free energy which is related to the entropy
through the Legendre transformation F = U−TS. Moreover, for the free energy we can use
the expression F = −PV + µN together with the standard equations of state PV = Nk
B
T
and U = 3
2
Nk
B
T so that we finally obtain
S =
1
T
(
5
3
U − µN
)
. (24)
To proceed with the evaluation of this equation we need the expressions for U and N in the
appropriate limit.
In the thermodynamic limit V →∞, the possible values of p represent a continuum, and
so we can replace the sum over all values of p by an integral, i. e., [12]
∑
p
→ 4πV
h3
∫
p2dp =
2πV
h3
(2m)3/2
∫
ε1/2dε . (25)
Then, the energy and particle number (23) become
U =
3
2
k
B
TV
(
mk
B
T
2πh¯2
)3/2
hǫ5
2
(z) , N = V
(
mk
B
T
2πh¯2
)3/2
hǫ3
2
(z) , (26)
respectively, where we have introduced the new variable x = βε and z = eβµ is the fugacity.
Moreover, we have introduced the notation
hǫn(z) =
1
Γ(n)
∫
∞
0
xn−1
z−1ex + ǫ
dx (27)
for the integrals that appear in the expressions for U and N . In the literature, it is common
to use the notations h+n (z) = fn(z) and h
−
n (z) = gn(z) which are known as the Fermi and
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Bose integrals, respectively. The index n is known as the integral order which depends on
the dimension of the system as follows from Eq.(26).
The integral hǫn(z) for z << 1 can be represented as the series
hǫn(z) =
∞∑
j=1
(−ǫ)j+1 z
j
jn
(28)
which is useful for concrete calculations. In fact, the limit of small fugacity is considered as
the classical limit of quantum gases in which we obtain from Eq.(26)
U =
3
2
k
B
TV
(
mk
B
T
2πh¯2
)3/2 (
z − ǫ z
2
25/2
)
, N = V
(
mk
B
T
2πh¯2
)3/2 (
z − ǫ z
2
23/2
)
, (29)
where only quadratic terms in z have been taken into account. We now use the expression
for N to express the fugacity in terms of N/V . To this end, we replace the truncated series
z = z1(N/V ) + z2(N/V )
2 into the expression for N and compare the terms in both sides of
the equation in such a way that the constants z1 and z2 can be determined. In this manner,
we obtain
z =
N
V
(
2πh¯2
mk
B
T
)3/2
+ ǫ
N2
23/2V 2
(
2πh¯2
mk
B
T
)3
. (30)
Notice that the condition of the classical limit z << 1 implies that
N
V
(
2πh¯2
mk
B
T
)3/2
<< 1 . (31)
The expression (30) for the fugacity can now be used to eliminate z from the internal
energy U and to evaluate the chemical potential µ = k
B
T ln z, which can then be replaced
into the expression for the entropy (24). Then, we obtain
S =
5
2
Nk
B
−Nk
B
ln

N
V
(
2πh¯2
mk
B
T
)3/2+ ǫN2kB
27/2V
(
2πh¯2
mk
B
T
)3/2
, (32)
where we have considered only the leading terms in the limit of large temperature. This is
the fundamental equation for ideal quantum gases. Notice that we are using the temperature
T instead of the internal energy U in the fundamental equation (32). One can, of course,
use the corresponding equation of state in order to replace T by U so that the entropy will
depend on extensive variables only. However, for the geometric analysis we will perform the
following section the use of T or U is not relevant because the equation of state that relates T
and U can be considered as a diffeomorphism, which does not affect the geometric properties
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of the underlying manifold. We will use the temperature as thermodynamic variable because
it allows us to easily handle the physical limits of the fundamental equation (32).
The Boltzmann limit of the fundamental equation (32) corresponds to the limit of high
temperature (T →∞), i.e.,
S =
5
2
Nk
B
−Nk
B
ln

N
V
(
2πh¯2
mk
B
T
)3/2 , (33)
which is equivalent to the Sackur-Tetrode equation for the classical ideal gas.
The fundamental equation (32) for ideal quantum gases indicates that the new term
proportional to ǫ is the result of the quantum nature of the system. So, it can be interpreted
as the term responsible for the thermodynamic quantum interaction and, for large values of
the temperature, it represents a perturbation of the classical Boltzmann gas. In this sense,
from a thermodynamic point of view, we can consider a quantum gas as a perturbation
of a classical gas. This interpretation is consistent with the virial expansion approach of
quantum gases as presented, for instance, in [12]. We will show in the next section that the
geometrothermodynamic approach reinforces this interpretation.
B. Geometrothermodynamic properties
According to the GTD approach presented in Sec. II, to find the metric of the equilibrium
manifold it is enough to have the explicit expression of the fundamental equation. This has
been done in the previous section. To calculate the metric it is convenient to choose geometric
units with h¯ = 1 = k
B
. In addition, we can choose m = 2π without loss of generality. Then,
the fundamental equation (32) can be expressed as
S = S0 −N ln
(
N
V T 3/2
)
+ ǫ
bN2
V T 3/2
, (34)
where b = 1/27/2, and S0 can be chosen as an additive constant under the condition that
the total number of particles N is a constant. This means that we will consider an isolated
system with a fixed particle number, and the entropy depends explicitly on V and T only.
To calculate the metric (16) of the equilibrium manifold E with the above fundamental
equation we must identify S with the thermodynamic potential Φ and the coordinates of E
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as Ea = (T, V ). Using Eq.(16), we find
g = N2
(
ǫbN
V T 3/2
− 1
)[
9
8
(
2− 5 ǫbN
V T 3/2
)
dT 2
T 2
− 15
4
ǫbN
V T 3/2
dV
V
dT
T
+
(
1− 2 ǫbN
V T 3/2
)
dV 2
V 2
]
.
(35)
The signature of this metric is not fixed, but depends on the choice of ǫ, indicating that
the quantum nature of the particles can drastically change the geometric properties of the
corresponding equilibrium manifold. The determinant of the metric can also be zero for
certain combinations of the values of V and T . This can be interpreted as a violation of the
second law of thermodynamics at which the thermodynamic and geometrothermodynamic
approaches break down [13].
It is straightforward to compute the curvature scalar associated to the metric (35). We
obtain
R =
256ǫbV 3T 9/2(−4V 3T 9/2 + 17ǫbNV 2T 3 + 9ǫb3N3 − 22b2N2T 3/2)
N(16V 2T 3 − 72ǫbNV T 3/2 + 55b2N2)(−V T 3/2 + ǫbN)3 . (36)
This expression shows that in general the curvature is non-zero, indicating the presence
of non-trivial thermodynamic interaction. Moreover, we see that the denominator of the
curvature scalar can become zero for certain values of V and T . In general, a divergence
of the curvature is interpreted as a phase transition. However, a detailed analysis of the
denominator of R shows that all roots are either for negative values of V and T or for values
within the range
N
V
(
2πh¯2
mk
B
T
)3/2
=
N
V T 3/2
> 1 , (37)
a range that obviously contradicts the condition of the classical limit (31) which was assumed
to determine the fundamental equation (34). We conclude that all the curvature singularities
are non physical. Accordingly, there are no phase transitions in the thermodynamic limit
of quantum ideal gases, a result that is in agreement with the one obtained in classical
thermodynamics [12].
We now consider the limit of the Boltzmann ideal gas which is described by the funda-
mental equation (33). Using geometric units and m = 2π, we obtain
S = S0 − ln
(
N
V T 3/2
)
. (38)
In this case, the metric (16) of the equilibrium manifold reduces to
g = −N2
(
9
4
dT 2
T 2
+
dV 2
V 2
)
. (39)
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It is then straightforward to show that the corresponding curvature tensor vanishes identi-
cally. This can also be seen by introducing the new coordinates dη = 3dT
2T
and dξ = dV
V
so
that the metric (39) acquires a Cartesian like structure, i.e., g = −dη2−dξ2 whose curvature
is obviously zero.
In GTD, the invariant curvature is interpreted as a manifestation of the intrinsic thermo-
dynamic interaction between the particles of the system. We have shown that the curvature
is zero for the Boltzmann gas and non-zero for the Fermi and Bose quantum gases. In the
case of the Boltzmann gas, this in agreement with the statistical approach since the corre-
sponding Hamiltonian (20) has no potential term. In the case of the Fermi and Bose ideal
gases, however, the potential term is still zero, but the curvature does not vanish, indicating
the presence of thermodynamic interaction. On the other hand, from a physical point of
view one expects a detectable difference between classical and quantum ideal gases. We
have shown here that the curvature of the equilibrium manifold is able to take into account
this difference. The non-zero curvature represents an “effective” thermodynamic interaction
which is generated by the quantum nature of the gas particles.
IV. BOSE-EINSTEIN CONDENSATION
According to Eq.(26), the total number of particles of a Bose ideal gas
N = V
(
mk
B
T
2πh¯2
)3/2
g 3
2
(z) , z = e
µ
k
B
T . (40)
depends on the temperature. Since the Bose integral g 3
2
(z) has its maximum value at z = 1,
the maximum particle number at a fixed value of the temperature, T = Tc, is reached for
µ→ 0, and is given by the expression
Nmax = V
(
mk
B
Tc
2πh¯2
)3/2
ζ . (41)
where ζ = g 3
2
(1) ≈ 2.61. In the same manner, for a given particle number N we can define
the critical temperature Tc as [12]
Tc =
2πh¯2
mk
B
(
N
V ζ
)2/3
, (42)
so that Nmax is reached for T < Tc and µ→ 0. It turns out that in this limit, a finite number
of particles occupies the state with minimum energy ε = 0. This phenomenom is known as
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the Bose-Einstein condensation. This particular state can be considered as a mixture of two
different phases, one phase contains all the particles with ε = 0 and the second phase with
ε 6= 0. It is in this sense that the Bose-Einstein condensation can be considered as a phase
transition; however, the order of the transition has not been fixed definitely. In fact, some
authors [14] argue that it is a second order transition [15], but others [12] advocate for a
first-order phase transition by using a different approach. In this work, we will consider the
Ehrenfest criterium to determine the order of a phase transition.
To establish the fundamental equation that governs the transition of a Bose gas into a
Bose-Einstein condensate, we must perform a different analysis. In fact, in the last section
we investigated the classical limit z << 1 to find out the properties of the Bose gas. The
condensation, instead, corresponds to small values of the chemical potential, i.e., z → 1. It
is not an easy task to handle this case analytically for particular thermodynamic potentials,
like the entropy, in such a way that the Ehrenfest scheme can be applied. However, since we
are interested in investigating the condensation in a geometric framework, and the results
of GTD do not depend on the choice of thermodynamic potential, we choose the internal
energy to study the condensation as a phase transition. In this case, the computations can
be carried out in a simple manner. According to (29), the internal energy per particle of a
Bose gas is
u =
U
N
=
3
2
k
B
T
g 5
2
(z)
g 3
2
(z)
. (43)
This equation governs the dynamics of the Bose gas for arbitrary values of z. We will
therefore use it to investigate the dynamical behavior at the onset of the Bose-Einstein
condensation.
To apply the Eherenfest scheme we compute the derivatives of the thermodynamic po-
tential (43). Then, it is possible to show that the first derivative with respect to µ diverges
as µ → 0. This behavior is illustrated in Fig. 1. Accordingly, we can conclude that there
exists a first-order phase transition as the chemical potential approaches zero.
We now investigate the geometric properties of the equilibrium manifold. It is convenient
to rewrite the thermodynamic potential (43) in terms of the critical temperature. To this
end, in the definition of u we consider the maximum particle number, u = U/Nmax, to obtain
u =
3
2ζ
k
B
T 5/2
T
3/2
c
g 5
2
(z) , (44)
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FIG. 1: Singularity of the first derivative of the thermodynamic potential u with respect to the
chemical potential.
which for convenience we rewrite as
u =
3
2ζ
k
B
Tc t
5/2 g 5
2
(z) , z = e
µ
k
B
Tct , t =
T
Tc
. (45)
This is the fundamental equation that describes the transition of a Bose gas into a Bose-
Einstein condensate in the limit t → 1 and µ → 0. According to the results of GTD,
for the calculation of the metric (16) of the equilibrium manifold, we identify u with the
thermodynamic potential Φ and Ea = (t, µ). Then, a straightforward computation leads to
the following metric components
gtt =
9
32ζ2
(
5Tctg 5
2
− 2µg 3
2
) (
15T 2c t
2g 5
2
− 12Tctµg 3
2
+ 4µ2g 1
2
)
, (46)
gtµ =
45
32ζ2
t2g 5
2
(
3Tctg 3
2
− 2µg 1
2
)
, (47)
gµµ =
9
4ζ2Tc
g 3
2
g 1
2
, (48)
where for the sake of simplicity we set k
B
= 1 and drop the argument of the Bose integral
gn
(
e
µ
Tct
)
. It is easy to check that the determinant of this metric is non-vanishing, indicating
that the geometry is well defined. The corresponding curvature tensor can then be computed,
but its final expression cannot be written in a compact form. Nevertheless, we performed a
detailed numerical analysis of the behavior of the curvature scalar and found that there is a
singularity in the limit t = 1 and µ→ 0. Figure 2 illustrates this behavior.
This result shows that the values at which the Bose-Einstein condensation takes place,
correspond to a curvature singularity of the corresponding equilibrium manifold.
14
FIG. 2: Singularity of the curvature scalar near the origin µ = 0 for t = 1. Here we use the value
Tc = 1 for simplicity.
V. CONCLUSIONS
In the present work, we analyzed the properties of the space of equilibrium states of
the ideal quantum gases in the context of geometrothermodynamics. First, we derived the
fundamental equations from which we can obtain all the thermodynamic properties of the
gases. It was established that a Boltzmann gas, whose components are identical classical
particles, possesses a flat equilibrium manifold, indicating the lack of thermodynamic inter-
action. This is in accordance with our intuitive interpretation of thermodynamic interaction
which is associated with the presence of a potential term in the corresponding Hamiltonian.
On the other hand, our analysis shows that Fermi and Bose quantum gases possess a non-
flat equilibrium space, although the corresponding Hamiltonian does not contain a potential
term. This result shows that the curvature of the equilibrium space is able to detect the
“effective” thermodynamic interaction which arises from the quantum nature of the gas
components. We interpret this result as an indication in favor of considering the curvature
of the equilibrium manifold as a measure of the thermodynamic interaction, instead of the
intuitive notion based upon the presence of a potential term in the Hamiltonian.
We also analyzed the Bose-Einstein condensation from the point of view of GTD. First, we
established a particular fundamental equation that allows us to apply the Ehrenfest definition
to interpret the Bose-Einstein condensation as a first-order phase transition of an ideal Bose
gas. The same fundamental equation is then used to derive the geometric properties of the
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corresponding equilibrium manifold. We found that the curvature is non-zero, indicating
the presence of thermodynamic interaction, and that there exists a curvature singularity at
exactly that point in the equilibrium manifold where the Bose-Einstein condensation takes
place. This result indicates that GTD is able to correctly describe the thermodynamic
properties of ideal classical and quantum gases.
Ideal quantum gases have been investigated from the point of view information geometric
theory [4, 17–19]. Using the second moments of the energy and particle number fluctuations
as the components of a thermodynamic metric, in [17], it was shown that the corresponding
curvature can be used as a measure of stability. For bosons, for example, the curvature
tends to zero at the classical limit and diverges in the condensation region. The results we
obtained in GTD are consistent with this information geometric approach. A quantum ideal
gas obeying Gentile’s intermediate statistics was investigated in [18]. The thermodynamic
curvature is constructed such that it depends on the fugacity and the number of particles
in a state, and it turns out to contain information about the stability properties of the
system. In the classical limit of a Boltzmann gas, however, the curvature does not vanish as
expected, but contains contributions from the quantum statistical character of the gas. A
different intermediate statistics for deformed bosons and deformed fermions was investigated
in [19]. The corresponding singular points of the curvature were shown to be related with
condensation even in the case of deformed bosons.
Finally, for the sake of comparison, we used thermodynamic geometry in which the metric
is given as the Hessian for different thermodynamic potentials. In the case of the entropy, the
curvature is non-zero with a singularity at a value of µ that does not coincide with the Bose-
Einstein condensate limiting value. If, instead, the internal energy is used as thermodynamic
potential the corresponding metric is flat, indicating that no interaction is present. Both
results are inconsistent with the thermodynamic properties of ideal quantum gases.
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